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Abstract 

In this paper, solutions of the generic non-compact Weyl equation are obtained. In par- 
ticular, by identifying a suitable similarity transformation and introducing a non-trivial 
change of variables we are able to implement azimuthal dependence on the solutions 
of the diagonal non-compact Weyl equation derived in [T]. We also discuss some open 
questions related to the construction of infinite BPS monopole configurations. 



1 Introduction 



Direct construction of BPS monopole configurations with monopole number greater than 
one is a very difficult task. One way to bypass this difficulty is the so-called inverse Nahm 
transform. In this approach a nonlinear ordinary differential equation (i.e. the Nahm equa- 
tion) must be solved and its solutions are used to define the Weyl equation [2j. Then, the 
monopole fields can be constructed from the solutions of the Weyl equation. 

The Nahm equations provide a system of non-linear ordinary differential equations of the 
form 

= 2 6i i k Pi' Tk \' ( 1 ) 
where Tj are complex-valued functions of the variable s, known as Nahm data; and 
is the totally antisymmetric tensor. For SU (n + 1) spherically symmetric BPS monopoles 
with minimal symmetry breaking case, the Nahm data Tj's can be cast as (for a detailed 
discussion, see Ref. [3]) 

T i (s) = -~f i (s)r i , i = l,2,3 (2) 
where Tj's form the n- dimensional representation of SU(2) and satisfy: 

[n, Tj] = 2ie ijk T k . (3) 

Given the Nahm data for a n-monopole the one- dimensional Weyl equation 

(is ~~ 1 ® Xj<Jj + iTj ® ajS ) V< ^ X ' ^ = ° ^ 
for the complex 2n- vector v(x, s), must be solved, x = (x, y, z) is the position in space at 
which the monopole fields are to be calculated and a^s are the familiar Pauli matrices. 

Recently, a non-compact approach of the inverse Nahm transform was proposed in [1] 
by introducing an infinite dimensional spin representation of the fit algebra for the Nahm 
data. In this case, the a^s become the two dimensional spin half representation of su(2), 
while the Nahm data were given in terms of appropriate differential operators. Thus, the 
Weyl equation was written in terms of differential operators, to include infinite dimensional 
representations of sfe, and not in terms of nxn matrices as in its conventional form [4j[6]. The 
corresponding equation is called the non-compact Weyl equation. Finally, the equivalence 
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between the matrix versus the differential operator description of the Weyl equation via the 
spin representation of su 2 was studied in detailed. 

In this formalism, fi(s) = - due to the minimal symmetry breaking while the represen- 
tations Tj's are given by the spin S representation of algebra: 
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n=-(? 2 -i)^ + 5(e + r 1 ), r 2 
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.Note that, for S being an integer or half integer one deals with the n-dimensiona|ll repre- 
sentation of su(2). This leads to the so-called differential finite Weyl equation, which is 
naturally equivalent to the conventional Weyl equation as shown in the Appendix of pp. In 
the basis of polynomials of £ on the unit circle (i.e. £ = e ta ), the inner product takes the 
form: 

Then ({"',£") = <W 

Similarly to r^'s given by (Q, the o~j's are expressed in terms of the spin half representation 
of the variable r\ as 
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Then the Weyl equation (jlj) takes its non-compact form: 
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0, (8) 
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provided that 5 = or not an integer or half integer. 

Let us first concentrate on the differential finite SU (n + 1) case. In order to construct the 
monopole fields, first choose together with the inner product fl6]) an appropriate orthonormal 
basis {vi, . . . , v n+1 } for n = 2S + 1 of the differential finite Weyl equation (jSJ), satisfying 



rn+l 

/ (vi, vj) ds = 8ij. 
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(9) 



1 Where n = 25 + 1 and 5 ^ 0. 



Then the Higgs field $ and the gauge potentials Ak for k = 1, 2, 3 are given by 
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Yi,Vj) ds, 
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In our earlier work [TJ, solutions of the non-compact Weyl equation (jSJ) were obtained 
explicitly for the infinite dimensional spin zero representation of in the diagonal case; i.e. 
when x = (0, 0, r). In that case, the range of the parameter s in order to avoid divergencies of 
the solutions is s G (— oo, 1] while in addition to the inner product (JH]) an appropriate infinite 
dimensional orthonormal basis {vi, . . . , v n }, i.e. for n — > oo was in demand. The associated 
solutions were expressed in terms of the Kummer functions. Then a suitable infinite set of 
orthogonal functions were chosen, and in analogy to the finite case, expressions of the relevant 
Higgs fields were proposed. These expressions turned out to have a simple and elegant 
form, and should correspond to a kind of infinite spherically symmetric BPS monopole 
configurations. However, the explicit form of the corresponding monopole configurations and 
their properties like their energy and topological charge need further careful investigation. 
Although, it was explicitly shown that in the finite case the two formulations -matrix versus 
finite differential form- of the Weyl equation are equivalent, in the non-compact case the 
picture changes drastically. It might be the case that even the corresponding Bogomolny 
equations are not the usual ones at this limit and they could be related to the SU(oc) Yang- 
Mills equations, and in general to the large- N limit of SU (N) theories [5] . Then we will be 
able to have a better understanding of the corresponding configurations and compare them 
with the finite case. 

The next natural step is to verify that our results satisfy the Bogomolny equation. How- 
ever, in order to do so we need to implement azimuthal dependence to the radial solutions 
obtained in [1]. That way, solutions of the generic non-compact Weyl equation given by (|SJ) 
can be derived. A similar approach has been applied in [B] in order to construct SU(n + 1) 
spherically symmetric monopole solutions of the conventional full Weyl equation in the case 
of the minimal symmetry breaking. Following the same methodology in the non-compact 
case, we seek for a suitable transformation [5] that reduces the full problem to the diagonal 
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one. That way generic solutions of the non-compact Weyl equation can be constructed from 
the known radial ones. This approach is described in the next section. 



2 Azimuthal Dependence 

For consistency reasons we keep the same terminology used in our paper [6]. There the 
conventional Weyl equation was identified as a Hamiltonian system containing some bulk 
spin-spin interaction and a boundary term. For that reason, the second term of (jlj) was 
called boundary term and the third term of (j3J) was called bulk term. 

In analogy, the aforementioned terms in the non-compact case (jE} take the form 

s dr]d£ 2s r] g?£ s £ dr] 2s r/^ 
where the functions f(rj) and g{rj) are equal to 

M = -w(r? + -*--), (13) 
\ w w J 

g(v) = ^v' 1 (v 2 + -) , (14) 

2 V wJ 

and w = x + iy. Using spherical coordinates the variables become: w = r sin 9 e 1 ^ and 
z = r cos 9. In [7], Hitchin obtained a direct correspondence between monopoles and bundles 
over the mini-twistor space II, which is a 2-dimensional complex manifold isomorphic to the 
holomorphic tangent bundle to the Riemann sphere TCP 1 . The same coordinates appear 
in our formulation. In particular, the coordinates on II is the standard inhomogeneous 
coordinate on the base space defined by r] and the complex fibre coordinate defined by f(rj). 
For the twistor transform these twistor coordinates are related to the space coordinates x,y, z 
via equation (IT51) . 

Next, as in [6], we need to derive a transformation which diagonalizes the boundary term 
pip . Since we are dealing with differential operators this can be achieved by introducing a 
function T{rj) such that: 

' {l®x i a i )T{r } ) = f(rj)^-. (15) 



J^irj) dr] 



In accordance a new variable n needs to be introduced in order to diagonalize what is left 
of the boundary term, ie 

. . d d , . 

t^Tr, "» - 2r ^' < 16) 

From (IT51) one can easily obtain that 
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(17) 



Similarly, f )16p implies the following change of variables 

w(r z)+ r + z 

W [TT — 1) 

Finally, the bulk term has to be invariant under the aforementioned transformation. This 
implies the existence of another function which on the one hand leaves the boundary 

term invariant and on the other hand satisfies the following condition: 
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(iT i ®a i )T{r ] )g{(,) = iT i ®o i . 
It is straightforward to show that, in this case, the function is given by 



(19) 
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Note that the form of the function £/(£) is a generalized version of the function J-{rj) and 
holds for any 5. More precisely, ^(77) = 

In order to show that the condition (fl9l) is satisfied observe that the bulk term transforms 



as 
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(21) 



However, by introducing the new variables 7r and p instead of r] and £, respectively, given by 

<m 

it can be easily verified that (1211) gives (TE?|) . 

Remark: The condition (1191) is satisfied even at the spin zero representation, that is, 
for S — 0. Then (?(£) = 1 and the only necessary requirement is the change of variables. 

When these transformations act on the generic non-compact Weyl equation (JSJ) the last 
takes the simple form 

d (vr-p) 2 d 2 \it 2 -p 2 d Sir 2 -p 2 d S n 2 + p 2 d\ , 

-r-T + 7, t + 7, 2r7r l~ v o( x ' 7r > Pi s ) = 

as s a7rap 2s rr dp s p dn 2s Tip dn J 

(23) 

which is nothing else but the diagonal (ie. when x = (0,0, r)) non-compact Weyl equation 
introduced in pQ. Equation f )23|) has been studied in detail and its solutions have been 
obtained in terms of hypergeometric functions. 

Let v (x, 7r, p, s) be the solution of the diagonal case ( 1231) . Then the solution v (x, rj, £, s) 
of the generic problem dSJ) can be obtained from the radial solution v via the relation 

v (x, V , f , S ) = T-(ry) 0(0 v (x, vr, p, a). (24) 



Note that we also need to impose the new variables defined in (1221) . In the Appendix we 
present the corresponding results for the SU(n + 1) finite case, and discuss their relevance 
with the results obtained in the conventional case [6]. 

We shall focus henceforth on the spin zero representation which is infinite dimensional 
with no highest /lowest weight states, and thus it is highly non-trivial. In this case, the radial 
solution v (x, 7r, p, s) is of the fornt 

v (x, vr, p,s)= p k ~ l (w k v^F + ^) , (25) 



2 In the present work the solutions are shifted related to the ones found in pQ. More precisely, let Uk, Wk 
be the notation used here, and wjf r \ the notation used in pQ. Then 

(pi") (pr) 

U\ = Ufc+i, wl = Wk+l- 
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where Wk{r,s), Uk{r,s) are expressed in terms of the first kind Kummer functions (see [T] 
for more details). 

The solution ( I24p of the generic non-compact Weyl equation is thus given by 



j — 1 / t _|_ z+r \ ' 



z + r 

Wk\V^ I + u k+l I V + 

W I \ w 



(26) 



k=— oo 

Next we need to construct an infinite dimensional orthonormal basis of the aforemen- 
tioned solutions. Consider now an infinite basis of solutions Vj given by (|2"61) . where the 
functions Wk and Uk are replaced by and uf. f , which contain certain constants of inte- 
gration that can be determined via the orthonormality condition (see also |6J): 



ds < Vj,Vj >= 5ij. (27) 



we also refer the reader to equations (2.15), (2.17) in [T]. 

We thus need to determine the inner product < Vj, v.,- >. Using the spherical coordinates 
and setting £ = e ta and rj = e i/3 for a, /3 G [0,27r]; the inner product of these solutions is 
given by 

<Vi,v i >-- 2^ / 1 + K2e -i (a+ 0) J I 1 + K2 e^ 

k,l=—oo ' N 



l_ cos fl 1 i + cos 9 

E (^) " 1 [<4V } a + cos (9) + (i - cos *)] > ( 2 



sin 2 , , 

k,l=— oo 

where «x = ±±ff, « 2 = ±^f* and G [0, 2tt]. 

The derivation of the solutions of the generic non-compact Weyl equation and their in- 
ner product is the first step towards the construction of infinite monopole configurations 
in accordance to (flQj) . Then one has to verify that these solutions satisfy the Bogomolny 
equations and thus, show that they correspond to BPS monopole configurations. The con- 
struction of the related fields as well as the compatibility of the fields with the Bogomolny 
equations are quite intricate tasks, and will be left for future investigations. 



7 



3 Discussion 



The main results of the present investigation are: the derivation of solutions of the full 
generic Weyl equation in the spherically symmetric case, and the formulation of formal 
expressions of the associated inner products of the emerging solutions. The extraction of the 
generic solutions involves suitable transformations along the lines described in [6] as well as a 
change of variables. These results provide an essential first step towards the construction of 
infinite BPS monopole configurations, and as such are of great consequence. Some interesting 
comments are in order here. 

• Let us first point out that in the SU{2) (S = 0) conventional Weyl equation [6] the 
Nahm data are trivial and equal to = 0. In the Appendix, we present the finite SU(n + 1) 
for n = 2S + 1 case, and show that by naively setting S = in (1331) we end up to the 
simple expression (I34p for the inner product. However, this is not the case for the spin zero 
representation of the non-compact case, where the inner product as shown in f[2"Sj) involves 
sums of infinite number of terms and the formalism is totally different. In particular, from 
the analysis of section 2 and and our recent work [lj, it is clear that we exploit the highly 
non-trivial nature of the spin zero representation as an infinite dimensional representation. 
Note that, this representation lacks what are known as highest /lowest weight states, and 
thus it is infinite dimensional. 

• The S — > oo case also merits careful investigation. Although this is an interesting study 
we have mainly focused here on the spin zero infinite dimensional representation expressed 
via certain differential operators. In any case the formal similarities between the two infinite 
dimensional representation are indeed quite striking. 

It was observed in earlier works (see e.g. [El El EE]) that suitable rescaling of the algebra 
generators as S — > oo leads to a replacement of the quantum commutator with a Poisson 
bracket. More precisely, by setting 



n ->■ n Ti 



(29) 



n = 2S , + l~^— > oo, we obtain: 




(30) 



and thus the Nahm data, and the Weyl equation are accordingly modified. 



8 



In our investigation although we deal with an infinite dimensional algebra we do not 
resort to Poisson algebraic structure, but we keep the quantum commutator intact within 
the Nahm equations. 

The solutions arising in the case of the spin zero representation will be exploited to 
provide the Higgs and gauge fields associated to an infinite BPS monopole configuration 
that should satisfy the Bogomolny equation. This construction together with the validity 
check of these configurations with respect to the Bogomolny equation are intricate issues 
and will be investigated in detail in a forthcoming publication. 



A The SU(n + 1) Finite Case 



On the finite representation of dimension n = 2S + 1 the solution vo(x,7r,p, s) has been 
obtained in [1] and is of the form 



V (X,7T,p, s) 



n , 

E p"- 1 - 9 ( 

k=l ^ 



Wk + 



Uk+1 



(31) 



where Wk = Wk(r, s) and Uk = u/~(r, s) are functions of the radial coordinate and the variable 
s only, and are given in terms of the first kind Kummer functions. 

Then the orthogonal basis of the solutions (|24|) consists of the functions: 



z + r 



~£V*7\ w 



k-l 



z — r 



2S-k+l 



U) I z + r \ a) I : - r 
w k ( V+ — — ) + \ V + 



w 



w 



(32) 



Using the spherical coordinates and integrating on a unit circle the inner product (J6j) of the 
solutions ( 132]) simplifies to: 

2-1 



2*s [ xfW 1 - cos(a + (p) sin 6\ 25 / 1 + K ie -^ a+ ^ \ k 1 ( 1 + « 1 e i < a+ 

J k,l=l 



1 + cos 8 



w k w l 



(*) „.*Cj) 



1- cose J +Uk +^ { 1 + cos^ 



(33) 



These results should recover the ones obtain in [B]. Indeed, we can confirm that by 
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concentrating on some specific examples. In particular, in the 377(2) and £77(3) cases we 
have: 

• SU{2) Case. Here n — 1 therefore, S = 0; while the inner product ( 1331) is equal to 



< V,;, V, > 



sin^ 



ioJ ™^ (1 + cos 9) + ufu^ (1 - cos i 



(34) 



SU(3) Case. Here n = 2 and thus, S = h while the inner product (1331) is equal to 
4 



< v is v,- >= 



sin 2 9 



(i) . (i) *(j)/l-cos9\ (i) / 1 + cos 9 \ (j) 



(35) 

The specific forms of the functions and u£ have been obtained in [4J [6] and are given 
in terms of the Whittaker M function^]. 
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